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ȼ ɫɬɚɬɶе ɪɚɫɫɦɚɬɪиɜɚеɬɫɹ ɮɭɧɤɰиɨɧɚɥɶɧɨе ɥиɧеɣɧɨе ɭɪɚɜɧеɧие ɫɨ ɫɞɜиɝɨɦ ɜ ɦɨɞеɥи 
ɪɚɞиɚɰиɨɧɧɨɣ ɡɚɳиɬɵ ɞɥɹ ɩɪɨɰеɫɫɨɜ ɩеɪеɧɨɫɚ ɡɚɪɹɠеɧɧɵɯ чɚɫɬиɰ и иɨɧиɡиɪɭɸɳеɝɨ 

иɡɥɭчеɧиɹ. ɐеɥɶɸ ɪɚɛɨɬɵ ɹɜɥɹеɬɫɹ иɡɭчеɧие ɜɨɩɪɨɫɨɜ ɫɭɳеɫɬɜɨɜɚɧиɹ и ɨɞɧɨɡɧɚчɧɨɫɬи 
ɪеɲеɧиɣ ɞɥɹ ɪɚɡɥичɧɵɯ ɫɥɭчɚеɜ, ɤɨɬɨɪɵе ɜɨɡɧиɤɚɸɬ ɩɪи иɡɦеɧеɧии ɧɚчɚɥɶɧɵɯ ɩɚɪɚɦеɬɪɨɜ 
ɦɨɞеɥи. Ⱥɧɚɥиɡ ɫиɫɬеɦɵ, ɫɨɩɭɬɫɬɜɭɸɳеɣ ɮɭɧɤɰиɨɧɚɥɶɧɨɦɭ ɭɪɚɜɧеɧиɸ, ɩɪɨɜɨɞиɬɫɹ 
ɦеɬɨɞɚɦи ɥиɧеɣɧɨɣ ɚɥɝеɛɪɵ. Дɥɹ ɫɥɭчɚɹ ɧеɪɚɜеɧɫɬɜɚ ɧɭɥɸ ɝɥɚɜɧɨɝɨ ɨɩɪеɞеɥиɬеɥɹ 
ɫɨɩɭɬɫɬɜɭɸɳеɣ ɫиɫɬеɦɵ ɩɨɤɚɡɚɧɚ ɤɨɪɪеɤɬɧɨɫɬɶ ɩɨɥɭчеɧɧɵɯ ɪеɲеɧиɣ; ɮɭɧɤɰиɨɧɚɥɶɧɨе 
ɭɪɚɜɧеɧие иɦееɬ еɞиɧɫɬɜеɧɧɨе ɪеɲеɧие. ȼ ɫɥɭчɚе ɪɚɜеɧɫɬɜɚ ɧɭɥɸ ɨɩɪеɞеɥиɬеɥɹ ɡɚɞɚчɚ 
ɩɨɥɧɨɫɬɶɸ ɪеɲеɧɚ ɞɥɹ ɰиɤɥɨɜ ɞɥиɧɵ 2. Ɏɭɧɤɰиɨɧɚɥɶɧɨе ɭɪɚɜɧеɧие ɧе иɦееɬ ɪеɲеɧиɣ, еɫɥи 
ɨɩɪеɞеɥиɬеɥɶ ɪɚɜеɧ ɧɭɥɸ, ɚ ɪɚɧɝ ɪɚɫɲиɪеɧɧɨɣ ɦɚɬɪиɰɵ ɪɚɜеɧ 2. Дɥɹ ɫɥɭчɚɹ ɫɨɜɦеɫɬɧɨɣ 
ɫиɫɬеɦɵ ɫ ɜɵɪɨɠɞеɧɧɨɣ ɦɚɬɪиɰеɣ ɩɨɥɭчеɧɵ ɚɧɚɥиɬичеɫɤие ɮɨɪɦɭɥɵ ɨɛɳеɝɨ ɪеɲеɧиɹ 
ɨɞɧɨɪɨɞɧɨɝɨ и ɧеɨɞɧɨɪɨɞɧɨɝɨ ɮɭɧɤɰиɨɧɚɥɶɧɵɯ ɭɪɚɜɧеɧиɣ. ɗɬи ɪеɲеɧиɹ ɡɚɜиɫɹɬ ɨɬ 
ɤɨɷɮɮиɰиеɧɬɨɜ иɫɯɨɞɧɨɝɨ ɭɪɚɜɧеɧиɹ, ɧɚчɚɥɶɧɨɣ ɮɭɧɤɰии, ɩɨɪɨɠɞɚɸɳеɣ ɰиɤɥ, и ɫɨɞеɪɠɚɬ 
ɩɪɨиɡɜɨɥɶɧɨ ɜɵɛɪɚɧɧɭɸ ɮɭɧɤɰиɸ. Дɥɹ ɭɫɬɪɚɧеɧиɹ ɜɨɡɧиɤɚɸɳеɣ ɧеɨɞɧɨɡɧɚчɧɨɫɬи ɦɨɠɧɨ 
ɩеɪеɣɬи ɤ ɦɨɞеɥи ɫ ɧеɜɵɪɨɠɞеɧɧɨɣ ɦɚɬɪиɰеɣ, иɡɦеɧиɜ ɫиɫɬеɦɭ ɜеɫɨɜɵɯ ɤɨɷɮɮиɰиеɧɬɨɜ 
ɦɨɞеɥɶɧɨɝɨ ɭɪɚɜɧеɧиɹ, иɥи ɩɪиɜɥечɶ ɞɨɩɨɥɧиɬеɥɶɧɵе ɧɚчɚɥɶɧɵе ɭɫɥɨɜиɹ.  
 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɥиɧеɣɧɨе ɮɭɧɤɰиɨɧɚɥɶɧɨе ɭɪɚɜɧеɧие, ɭɪɚɜɧеɧие ɫɨ ɫɞɜиɝɨɦ, иɬеɪɚɰиɹ, 
ɰиɤɥ, ɫɨɩɭɬɫɬɜɭɸɳɚɹ ɫиɫɬеɦɚ, ɪɚɧɝ, ɨɞɧɨɪɨɞɧɨе и ɧеɨɞɧɨɪɨɞɧɨе ɮɭɧɤɰиɨɧɚɥɶɧɨе 
ɭɪɚɜɧеɧие. 

 
ɉɨɫɬɭɩиɥɚ ɜ ɪеɞɚɤɰиɸ 16.09.2019 

ɉɨɫɥе ɞɨɪɚɛɨɬɤи 05.11.2019 

ɉɪиɧɹɬɚ ɤ ɩɭɛɥиɤɚɰии 06.11.2019 

 

ȼɜɟɞɟɧɢɟ 

Ɇеɬɨɞɵ ɦɚɬеɦɚɬичеɫɤɨɝɨ ɦɨɞеɥиɪɨɜɚɧиɹ ɩɪиɦеɧɹɸɬɫɹ ɩɪи иɡɭчеɧии ɪɚɡɥичɧɵɯ 
ɜɨɩɪɨɫɨɜ ɪɚɞиɚɰиɨɧɧɨɣ ɛеɡɨɩɚɫɧɨɫɬи Д1-3Ж. ȼ ɨɞɧɨɣ иɡ ɦɨɞеɥеɣ иɫɩɨɥɶɡɭеɬɫɹ ɥиɧеɣɧɨе 
ɮɭɧɤɰиɨɧɚɥɶɧɨе ɭɪɚɜɧеɧие ɫɨ ɫɞɜиɝɨɦ, ɪɚɡɪɚɛɨɬɚɧɧɨе Ʉɚɪɥеɦɚɧɨɦ Д4Ж. Ɍɚɤɚɹ ɦɨɞеɥɶ 
ɨɩиɫɚɧиɹ ɜɩɨɫɥеɞɫɬɜии ɪɚɡɜиɜɚɥɚɫɶ Д5, 6Ж и ɩɪиɦеɧɹɥɚɫɶ ɜɨ ɦɧɨɝиɯ ɡɚɞɚчɚɯ, ɜ ɬɨɦ 
чиɫɥе, ɩɪи ɪеɲеɧии ɭɪɚɜɧеɧиɣ ɝиɩеɪɛɨɥичеɫɤɨɝɨ ɬиɩɚ Д7Ж, ɤ ɤɨɬɨɪɵɦ ɨɬɧɨɫɹɬɫɹ 
ɭɪɚɜɧеɧиɹ ɩеɪеɧɨɫɚ ɡɚɪɹɠеɧɧɵɯ чɚɫɬиɰ и иɨɧиɡиɪɭɸɳеɝɨ иɡɥɭчеɧиɹ ɜ ɪɚɡɥичɧɵɯ 
ɦɚɬеɪиɚɥɶɧɵɯ ɫɪеɞɚɯ. ȼ ɧɚɫɬɨɹɳеɣ ɪɚɛɨɬе ɪɚɫɫɦɚɬɪиɜɚɸɬɫɹ ɜɨɩɪɨɫɵ ɨɞɧɨɡɧɚчɧɨɫɬи 
ɪеɲеɧиɣ ɥиɧеɣɧɨɝɨ ɮɭɧɤɰиɨɧɚɥɶɧɨɝɨ ɭɪɚɜɧеɧиɹ ɫ ɰиɤɥичеɫɤиɦи иɬеɪɚɰиɹɦи 
ɚɪɝɭɦеɧɬɚ (ɭɪɚɜɧеɧиɹ ɫɨ ɫɞɜиɝɨɦ) Д8Ж: 
 

  ),()...)))((...(()(...)))((()())(()()()(

1

1210 xbxfffuxaxffuxaxfuxaxuxa

n

n 


   (1), 

ɝɞе )(),(),(,...),(),( 110 xfxbxaxaxa n   − ɡɚɞɚɧɧɵе ɮɭɧɤɰии, ɨɩɪеɞеɥɺɧɧɵе ɧɚ 
ɦɧɨɠеɫɬɜе X  R, ɩɪичɺɦ Y  X, ɝɞе Y = f (X) − ɦɧɨɠеɫɬɜɨ ɡɧɚчеɧиɣ f(x); u(x) − иɫɤɨɦɚɹ 
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ɮɭɧɤɰиɹ. ɉɪеɞɩɨɥɚɝɚеɬɫɹ, чɬɨ ɮɭɧɤɰиɹ f(x) иɦееɬ ɨɛɪɚɬɧɭɸ, ɚ еɺ ɩɨɫɥеɞɨɜɚɬеɥɶɧɵе 
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Ɍɨɝɞɚ ɭɪɚɜɧеɧие (1) ɩɪиɧиɦɚеɬ ɫɥеɞɭɸɳиɣ ɜиɞ: 
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Дɚɧɧɚɹ ɫиɫɬеɦɚ ɭɪɚɜɧеɧиɣ ɹɜɥɹеɬɫɹ ɥиɧеɣɧɨɣ ɨɬɧɨɫиɬеɥɶɧɨ ɜеɥичиɧ 
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ɑɚɫɬɧɨɝɨ ɜиɞɚ ɭɪɚɜɧеɧиɹ ɞɥɹ ɫɥɭчɚɹ Δ ≠ 0 ɩеɪиɨɞичеɫɤи ɜɫɬɪечɚɥиɫɶ ɜ ɩечɚɬи 
(ɫɦ. Д9, ɫ.82Ж, Д10, ɫ.12Ж, Д11Ж, Д12, ɫ.413Ж, Д13, ɫ.470Ж). Ɉɞɧɚɤɨ ɭɫɥɨɜие Δ ≠ 0 ɧе ɹɜɥɹеɬɫɹ 
ɧеɨɛɯɨɞиɦɵɦ ɞɥɹ ɪɚɡɪеɲиɦɨɫɬи иɫɯɨɞɧɨɝɨ ɭɪɚɜɧеɧиɹ и, ɤɚɤ ɨɬɦечеɧɨ Д8, ɫ. 58Ж, 
ɬɪеɛɭɸɬɫɹ ɞɨɩɨɥɧиɬеɥɶɧɵе иɫɫɥеɞɨɜɚɧиɹ. ȼ ɧɚɫɬɨɹɳеɣ ɪɚɛɨɬе ɞɥɹ Δ ≠ 0 ɩɨɤɚɡɚɧɚ 
ɧеɩɪɨɬиɜɨɪечиɜɨɫɬɶ ɮɨɪɦɭɥ, ɫɨɫɬɚɜɥɹɸɳиɯ ɪеɲеɧие ɫиɫɬеɦɵ (4). ɂɫɫɥеɞɨɜɚɧие 
ɜɨɩɪɨɫɨɜ ɨɞɧɨɡɧɚчɧɨɫɬи ɪеɲеɧиɣ ɩɪи ɭɫɥɨɜии ∆ = 0 ɩɨɥɧɨɫɬɶɸ ɜɵɩɨɥɧеɧɨ ɞɥɹ ɰиɤɥɨɜ 
ɫ n = 2.  

 

Ʌɢɧɟɣɧɨɟ ɭɪɚɜɧɟɧɢɟ ɞɥɹ ɫɥɭɱɚɹ Δ ≠ 0 

ɉɪи ɭɫɥɨɜии Δ ≠ 0 ɪеɲеɧие ɫиɫɬеɦɵ, и ɩɪиɬɨɦ еɞиɧɫɬɜеɧɧɨе, ɧɚɯɨɞиɬɫɹ ɩɨ 
ɮɨɪɦɭɥɚɦ Ʉɪɚɦеɪɚ Д14, 15Ж: 
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ɝɞе Δk (x) − ɨɩɪеɞеɥиɬеɥɶ, ɩɨɥɭчеɧɧɵɣ иɡ (5) ɡɚɦеɧɨɣ k + 1-ɝɨ ɫɬɨɥɛɰɚ ɧɚ ɫɬɨɥɛеɰ 
ɫɜɨɛɨɞɧɵɯ чɥеɧɨɜ. Ɋеɲеɧие ɭɪɚɜɧеɧиɹ (1) ɫɥеɞɭеɬ иɡ (6) ɩɪи k = 0: u(x) = u0(x) = 

Δ0(x)/Δ(x), ɧɨ ɬ.ɤ. ɮɭɧɤɰии uk (x) ɩɨɥɭчɚɸɬɫɹ ɩɨɫɥеɞɨɜɚɬеɥɶɧɵɦи иɬеɪɚɰиɹɦи: 
)),(()(1 xfuxu kk   ɬɨ ɮɨɪɦɭɥɵ (6) ɜ ɭɤɚɡɚɧɧɨɦ ɫɦɵɫɥе ɧе ɞɨɥɠɧɵ ɩɪɨɬиɜɨɪечиɬɶ ɞɪɭɝ 

ɞɪɭɝɭ. 
 

Ʌɟɦɦɚ 1   
ɉɭɫɬɶ Δ ≠ 0, ɬɨɝɞɚ ɪеɲеɧиɹ (6) ɫиɫɬеɦɵ (4) ɤɨɪɪеɤɬɧɵ, ɬ.е. ɭɞɨɜɥеɬɜɨɪɹɸɬ 

ɭɫɥɨɜиɹɦ 
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Дɨɤɚɡɚɬеɥɶɫɬɜɨ.  
ɉɨɞɫɬɚɜиɦ ɜ (5) f(x) ɜɦеɫɬɨ x: 
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ȿɫɥи ɩɨɫɥеɞɧɸɸ ɫɬɪɨɤɭ ɫɞеɥɚɬɶ ɩеɪɜɨɣ и ɩɨɫɥеɞɧиɣ ɫɬɨɥɛеɰ ɬɚɤɠе ɫɞеɥɚɬɶ 
ɩеɪɜɵɦ, ɬɨ ɩɨɥɭчеɧɧɵɣ ɜ ɪеɡɭɥɶɬɚɬе ɩеɪеɫɬɚɧɨɜɨɤ ɨɩɪеɞеɥиɬеɥɶ ɫɨɜɩɚɞɺɬ ɫ 
ɨɩɪеɞеɥиɬеɥеɦ (5). Ɍɚɤиɦ ɨɛɪɚɡɨɦ, ).()()1()1())(( xxxf

nn   Ɍɨчɧɨ ɬɚɤ ɠе 
ɞɨɤɚɡɵɜɚеɬɫɹ, чɬɨ еɫɥи ɜ ɨɩɪеɞеɥиɬеɥе ))(( xfk  ɩɨɫɥеɞɧɸɸ ɫɬɪɨɤɭ ɫɞеɥɚɬɶ ɩеɪɜɨɣ, ɚ 
ɩɨɫɥеɞɧиɣ ɫɬɨɥɛеɰ ɬɚɤɠе ɫɞеɥɚɬɶ ɩеɪɜɵɦ, ɬɨ ɩɨɥɭчеɧɧɵɣ ɨɩɪеɞеɥиɬеɥɶ ɫɨɜɩɚɞɺɬ ɫ 
ɨɩɪеɞеɥиɬеɥеɦ ),(1 xk   ɡɧɚчиɬ 2...,,2,1),()()1()1())(( 11   nkxxxf kk

nn

k  

(ɩɪи k = n – 1 ɪɚɡɥичие ɥиɲɶ ɜ ɬɨɦ, чɬɨ )).()()1()1())(( 001 xxxf
nn

n    Ʌеɦɦɚ 
ɞɨɤɚɡɚɧɚ.  

Ɍɚɤиɦ ɨɛɪɚɡɨɦ, еɫɥи Δ ≠ 0, ɬɨ ɭɪɚɜɧеɧие (1) иɦееɬ еɞиɧɫɬɜеɧɧɨе ɪеɲеɧие, 
ɨɩɪеɞеɥɹеɦɨе ɮɨɪɦɭɥɨɣ (7): 
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                                          (7) 

ɉɪɢɦɟɪ 1   
Ɋеɲиɬɶ ɭɪɚɜɧеɧие: 

 

                    ),()...)))((...((...)))(((3))((2)(
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            (8) 

ɝɞе f(x) − ɩɪɨиɡɜɨɥɶɧɚɹ ɡɚɞɚɧɧɚɹ ɮɭɧɤɰиɹ, ɩɨɪɨɠɞɚɸɳɚɹ ɰиɤɥ (2) ɞɥиɧɵ n. ȼ 
ɨɛɨɡɧɚчеɧиɹɯ (1) ak (x) = k + 1, k = 0,1, ..., n − 1; ɝɥɚɜɧɵɣ ɨɩɪеɞеɥиɬеɥɶ ∆ ɫиɫɬеɦɵ (4) 
ɹɜɥɹеɬɫɹ ɰиɪɤɭɥɹɧɬɨɦ Д16Ж и ɨɬɥичеɧ ɨɬ ɧɭɥɹ Д17Ж:  
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Дɥɹ ɧɚɯɨɠɞеɧиɹ ɪеɲеɧиɹ (7) ɨɩɪеɞеɥиɬеɥɶ 
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ɪɚɡɥɨɠиɦ ɩɨ ɩеɪɜɨɦɭ ɫɬɨɥɛɰɭ: 
 

                                   ,... 0;111010000  nn AbAbAb  

 

ɝɞе 0;kA − ɚɥɝеɛɪɚичеɫɤɨе ɞɨɩɨɥɧеɧие ɷɥеɦеɧɬɚ .1...,,1,0,  nkbk  ɇеɩɨɫɪеɞɫɬɜеɧɧɵɣ 
ɩɨɞɫчɺɬ ɞɚɺɬ: 
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ȼɵчиɫɥеɧиɹ ɨɫɬɚɥɶɧɵɯ ɚɥɝеɛɪɚичеɫɤиɯ ɞɨɩɨɥɧеɧиɣ ɩɪɨɜɨɞɹɬɫɹ ɩɨ еɞиɧɨɣ ɫɯеɦе 
и ɩɪиɜɨɞɹɬ ɤ ɨɞɧɨɦɭ и ɬɨɦɭ ɠе ɪеɡɭɥɶɬɚɬɭ:   
  

                                     .1...,,3,2,)1( 31
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nknA

nn
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ȼ иɬɨɝе ɩɨɥɭчɚеɦ еɞиɧɫɬɜеɧɧɨе ɪеɲеɧие ɭɪɚɜɧеɧиɹ (8):    
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ɝɞе .1...,,2,1)...)),((...()(),()(0  nkxffbxbxbxb

k

k 
 Ɉɬɦеɬиɦ ɬɚɤɠе, чɬɨ ɭɪɚɜɧеɧие 

(8) ɫ ɫиɫɬеɦɨɣ ɜеɫɨɜɵɯ ɤɨɷɮɮиɰиеɧɬɨɜ д1, 2, …, nж ɪɚɜɧɨɫиɥɶɧɨ ɭɪɚɜɧеɧиɸ ɫ ɫиɫɬеɦɨɣ 
ɤɨɷɮɮиɰиеɧɬɨɜ д1, 1/2, …, 1/nж (ɞɥɹ ɭɫɬɚɧɨɜɥеɧиɹ ɪɚɜɧɨɫиɥɶɧɨɫɬи ɞɨɫɬɚɬɨчɧɨ ɨɛе 
чɚɫɬи ɩɨɞеɥиɬɶ ɧɚ n и ɡɚɦеɧиɬɶ ɩɨɫɥеɞɧее ɫɥɚɝɚеɦɨе u(f(f(…f(x)…))) = v(x)). 

 

Ʌɢɧɟɣɧɨɟ ɭɪɚɜɧɟɧɢɟ ɞɥɹ ɫɥɭɱɚɹ  Δ = 0, n = 2  

ɉɪɨɚɧɚɥиɡиɪɭеɦ ɨɫɨɛеɧɧɨɫɬи ɧɚɯɨɠɞеɧиɹ ɪеɲеɧиɹ ɡɚɞɚчи ɫ Δ = 0 ɩɪи n = 2. 

Уɪɚɜɧеɧие (1) ɩɪи n = 2 иɦееɬ ɫɥеɞɭɸɳиɣ ɜиɞ: 
 

                                                  ),())(()()()( 10 xbxfuxaxuxa                                       (9) 
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ɝɞе ɮɭɧɤɰиɹ f(x) иɧɜɨɥɸɬиɜɧɚ, ɬ.е. ɩɨɪɨɠɞɚеɬ ɰиɤɥ ɞɥиɧɵ 2: ,))(( xxff   ɚ ɤɚɠɞɚɹ иɡ 
ɮɭɧɤɰиɣ )(),( 10 xaxa ɬɨɠɞеɫɬɜеɧɧɨ ɨɬɥичɧɚ ɨɬ ɧɭɥɹ (иɧɚче ɭɪɚɜɧеɧие (9) ɫɬɚɧɨɜиɬɫɹ 
ɬɪиɜиɚɥɶɧɵɦ). Дɥɹ ɫɨɩɭɬɫɬɜɭɸɳеɣ ɭɪɚɜɧеɧиɸ ɫиɫɬеɦɵ 

 

 

(10) 

 

ɝɥɚɜɧɵɣ ɨɩɪеɞеɥиɬеɥɶ ɪɚɜеɧ 0, ɡɧɚчиɬ, еɝɨ ɫɬɪɨɤи ɩɪɨɩɨɪɰиɨɧɚɥɶɧɵ ɫ ɧеɤɨɬɨɪɵɦ 
ɤɨɷɮɮиɰиеɧɬɨɦ k(x): )).(()()()),(()()( 0110 xfaxkxaxfaxkxa   ȿɫɥи )),(()()( xfbxkxb 

ɬɨɝɞɚ ɪɚɧɝ ɪɚɫɲиɪеɧɧɨɣ ɦɚɬɪиɰɵ 







))(())(())((

)()()(

01

10

xfbxfaxfa

xbxaxa
 ɪɚɜеɧ ɞɜɭɦ и ɫиɫɬеɦɚ 

(10) ɧеɫɨɜɦеɫɬɧɚ, ɫɥеɞɨɜɚɬеɥɶɧɨ, ɭɪɚɜɧеɧие (9) ɧе иɦееɬ ɪеɲеɧиɣ. ɉɭɫɬɶ ɬеɩеɪɶ 
)),(()()( xfbxkxb  ɬ.е.: 

 

 

(11) 

 

Ɋɚɧɝ ɪɚɜеɧ 1 и ɨɬ ɫиɫɬеɦɵ (10) ɨɫɬɚɺɬɫɹ ɬɨɥɶɤɨ ɭɪɚɜɧеɧие (9). Ɇеɬɨɞ ɪеɲеɧиɹ, 
иɫɩɨɥɶɡɭеɦɵɣ ɜ ɩ.1, ɧе ɩɪиɦеɧиɦ.   
ȼɜеɞɺɦ ɮɭɧɤɰиɨɧɚɥ: 
 

                                               )),(()()()()]([ 10 xfyxaxyxaxyL                              (12) 

 

ɤɨɬɨɪɵɣ, ɨчеɜиɞɧɨ, ɹɜɥɹеɬɫɹ ɥиɧеɣɧɵɦ: 
 

).,()]([)]([)]()([ RxvLxuLxvxuL    

 

Ɂɚɩиɲеɦ ɫ ɩɨɦɨɳɶɸ (12) ɧеɨɞɧɨɪɨɞɧɨе ɭɪɚɜɧеɧие (9): 
 

 (13) 
 

и ɫɨɨɬɜеɬɫɬɜɭɸɳее еɦɭ ɨɞɧɨɪɨɞɧɨе ɭɪɚɜɧеɧие: 
 

 (14) 
 

Ɉɩɪɟɞɟɥɟɧɢɟ   
Ɇɧɨɠеɫɬɜɨ ɮɭɧɤɰиɣ Ω 0 ɧɚɡɵɜɚеɬɫɹ ɨɛɳиɦ ɪеɲеɧиеɦ ɭɪɚɜɧеɧиɹ (14) ɧɚ X, еɫɥи:  
1) ɥɸɛɚɹ ɮɭɧɤɰиɹ y(x), xX, ɩɪиɧɚɞɥеɠɚɳɚɹ Ω 0, ɹɜɥɹеɬɫɹ ɪеɲеɧиеɦ ɭɪɚɜɧеɧиɹ 

(14); 

2) ɥɸɛɨе ɪеɲеɧие y(x), xX ɭɪɚɜɧеɧиɹ (14) ɩɪиɧɚɞɥеɠиɬ Ω 0. 

Ⱥɧɚɥɨɝичɧɨ ɨɩɪеɞеɥɹеɬɫɹ ɨɛɳее ɪеɲеɧие ɧеɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧеɧиɹ (13). 
 

Ʌɟɦɦɚ 2  
Ɉɛɳее ɪеɲеɧие ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧеɧиɹ (14) ɨɩɪеɞеɥɹеɬɫɹ ɮɨɪɦɭɥɨɣ (15): 
 

 )),(()()())(()( 100 xfwxaxwxfaxu     (15) 

 

иɥи ɪɚɜɧɨɫиɥɶɧɨɣ еɣ: 
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ɝɞе w(x), v(x) − ɩɪɨиɡɜɨɥɶɧɵе ɧɚ X ɮɭɧɤɰии. 
Дɨɤɚɡɚɬеɥɶɫɬɜɨ. 
Ȼɭɞеɦ иɫɤɚɬɶ ɪеɲеɧие ɭɪɚɜɧеɧиɹ (14) ɜ ɜиɞе: 

 

)),(()()()()(0 xfwxBxwxAxu   

 

ɝɞе w(x) − ɩɪɨиɡɜɨɥɶɧɚɹ ɮɭɧɤɰиɹ, ɚ ɮɭɧɤɰии A(x) и B(x) ɩɨɞɥеɠɚɬ ɨɩɪеɞеɥеɧиɸ. 
ɉɨɞɫɬɚɜиɦ u0(x) ɜ (14) и ɩеɪеɝɪɭɩɩиɪɭеɦ ɫɥɚɝɚеɦɵе: 
 

          0))(()))(()()()(()()))(()()()(( 1010  xfwxfAxaxBxaxwxfBxaxAxa  

 

Ɍ.ɤ. ɮɭɧɤɰиɹ w(x) ɩɪɨиɡɜɨɥɶɧɚ, ɬɨ ɨɬɫɸɞɚ ɫɥеɞɭɸɬ ɭɫɥɨɜиɹ: 
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ɤɨɬɨɪɵе ɦɨɠɧɨ ɡɚɩиɫɚɬɶ ɜ ɫɥеɞɭɸɳеɦ ɜиɞе: 
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ȼеɥичиɧɵ A(x) и B(x) ɨɩɪеɞеɥɹɸɬɫɹ ɧеɨɞɧɨɡɧɚчɧɨ. ȿɫɥи ɜɡɹɬɶ ),())(( 0 xaxfA   

ɬɨɝɞɚ )()()),(()( 10 xaxBxfaxA  и ɩɨɥɭчɚеɦ ɮɨɪɦɭɥɭ (15). ȿɫɥи ɠе ɜɡɹɬɶ ,1))(( xfA  

ɬɨɝɞɚ ),(/)()(,1)( 01 xaxaxBxA   чɬɨ ɫɨɨɬɜеɬɫɬɜɭеɬ ɪɚɜеɧɫɬɜɭ (16), и ɬ.ɩ. ɇɨ ɷɬɨ ɛɭɞɭɬ 
ɪɚɜɧɨɫиɥɶɧɵе ɩɪеɞɫɬɚɜɥеɧиɹ ɨɞɧɨɣ и ɬɨɣ ɠе ɮɨɪɦɭɥɵ. Ɍɚɤ, ɪɚɜɧɨɫиɥɶɧɨɫɬɶ (15) и (16) 
ɫɬɚɧɨɜиɬɫɹ ɨчеɜиɞɧɨɣ, еɫɥи ɫɜɹɡɚɬɶ v(x) и w(x) ɫɨɨɬɧɨɲеɧиеɦ: ).())((2)( 0 xwxfaxv  Ɍеɦ 
ɫɚɦɵɦ, ɞɥɹ ɥɸɛɵɯ v(x) и w(x) (15) и (16) ɹɜɥɹɸɬɫɹ ɪеɲеɧиɹɦи ɭɪɚɜɧеɧиɹ (14). 

Ɉɫɬɚɥɨɫɶ ɩɨɤɚɡɚɬɶ, чɬɨ ɥɸɛɨе ɪеɲеɧие ɭɪɚɜɧеɧиɹ (14) ɫɨɞеɪɠиɬɫɹ, ɧɚɩɪиɦеɪ, ɜ 
(16). ɉɭɫɬɶ g(x) − ɩɪɨиɡɜɨɥɶɧɚɹ ɮɭɧɤɰиɹ, ɭɞɨɜɥеɬɜɨɪɹɸɳɚɹ (14), ɬɨɝɞɚ 

).()(/))(()( 01 xgxaxfgxa   Ɍеɩеɪɶ, чɬɨɛɵ ɭɛеɞиɬɶɫɹ, чɬɨ g(x) ɫɨɞеɪɠиɬɫɹ ɜ (16), 
ɞɨɫɬɚɬɨчɧɨ ɜ ɤɚчеɫɬɜе v(x) ɜɡɹɬɶ g(x). Ʌеɦɦɚ ɞɨɤɚɡɚɧɚ. 

 

Ʌɟɦɦɚ 3  
ɉɭɫɬɶ a0(x) ≠ 0, ɬɨɝɞɚ ɨɛɳее ɪеɲеɧие ɧеɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧеɧиɹ (13) ɧɚɯɨɞиɬɫɹ ɩɨ 
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ɝɞе v(x) − ɩɪɨиɡɜɨɥɶɧɚɹ ɧɚ X ɮɭɧɤɰиɹ. 
Дɨɤɚɡɚɬеɥɶɫɬɜɨ. 
ɋ ɩɨɦɨɳɶɸ (11) ɥеɝɤɨ ɭɛеɞиɬɶɫɹ, чɬɨ ɮɭɧɤɰиɹ uɧ (x) = b(x)/(2a0(x)) ɹɜɥɹеɬɫɹ 

чɚɫɬɧɵɦ ɪеɲеɧиеɦ ɧеɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧеɧиɹ (13). Дɨɛɚɜɥɹɹ ɤ uɧ (x) ɨɛɳее ɪеɲеɧие 
(16) ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧеɧиɹ, ɩɨɥɭчɚеɦ: u(x) = uɧ (x) + u0(x) − ɪеɲеɧие ɭɪɚɜɧеɧиɹ (13) 
ɞɥɹ ɥɸɛɨɣ ɮɭɧɤɰии v(x), ɜɯɨɞɹɳеɣ ɜ u0(x), ɬ.ɤ. ɜ ɫиɥɭ ɥиɧеɣɧɨɫɬи ɮɭɧɤɰиɨɧɚɥɚ (12): 
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Ɉɫɬɚɥɨɫɶ ɞɨɤɚɡɚɬɶ, чɬɨ (17) ɫɨɞеɪɠиɬ ɥɸɛɨе ɪеɲеɧие ɭɪɚɜɧеɧиɹ (13). ɉɭɫɬɶ g(x) − 
ɩɪɨиɡɜɨɥɶɧɚɹ ɮɭɧɤɰиɹ, ɭɞɨɜɥеɬɜɨɪɹɸɳɚɹ (13): 
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Ɋɚɫɫɦɚɬɪиɜɚɹ ɬеɩеɪɶ ɭɪɚɜɧеɧие (13) ɫ ɩɪɚɜɨɣ чɚɫɬɶɸ b(x), ɨɩɪеɞеɥɹеɦɨɣ 
ɪɚɜеɧɫɬɜɨɦ (18), и ɩɨɞɫɬɚɜɥɹɹ (18) ɜ (17), ɩɨɥɭчиɦ: 
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Ɉчеɜиɞɧɨ, чɬɨ ɪеɲеɧие g(x) ɫɨɞеɪɠиɬɫɹ ɜ u(x), еɫɥи ɜ ɤɚчеɫɬɜе v(x) ɜɡɹɬɶ g(x). 

Ʌеɦɦɚ ɞɨɤɚɡɚɧɚ. 
 

ɉɪɢɦɟɪ 2  
ɇɚɣɬи ɜɫе ɮɭɧɤɰии, ɭɞɨɜɥеɬɜɨɪɹɸɳие ɭɪɚɜɧеɧиɸ: 
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(x) = x. Дɥɹ ɤɨɷɮɮиɰиеɧɬɨɜ ɭɪɚɜɧеɧиɹ ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜиɹ (11) (k(x) = 1), ɧɨ Δ = 0 и 
ɮɨɪɦɭɥɚ (7) ɧе ɩɪиɦеɧиɦɚ. Ɇɧɨɠеɫɬɜɨ ɜɫеɯ ɪеɲеɧиɣ ɭɪɚɜɧеɧиɹ (19) ɧɚɯɨɞиɦ ɩɨ 
ɮɨɪɦɭɥе (17): 
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ɝɞе v(x) − ɩɪɨиɡɜɨɥɶɧɚɹ ɮɭɧɤɰиɹ. 
 

Ɍɚɤиɦ ɨɛɪɚɡɨɦ, ɜ ɪɚɦɤɚɯ ɩɪиɦеɧеɧɧɨɣ ɦɨɞеɥи ɪɚɫɫɦɨɬɪеɧ ɜɨɩɪɨɫ ɫɭɳеɫɬɜɨɜɚɧиɹ 
и еɞиɧɫɬɜеɧɧɨɫɬи ɩɨɥɭчɚеɦɵɯ ɪеɲеɧиɣ. ɉɨɤɚɡɚɧɨ, чɬɨ ɪеɲеɧиɹ ɫɨɜɦеɫɬɧɨɣ 
ɫɨɩɭɬɫɬɜɭɸɲеɣ ɫиɫɬеɦɵ ɜ ɫɥɭчɚе ɜɵɪɨɠɞеɧɧɨɣ ɦɚɬɪиɰɵ ɭɠе ɩɪи n = 2 ɫɨɞеɪɠɚɬ 
ɧеɨɞɧɨɡɧɚчɧɨɫɬɶ − ɩɪɨиɡɜɨɥɶɧɨ ɜɵɛɪɚɧɧɭɸ ɮɭɧɤɰиɸ. Дɥɹ ɭɫɬɪɚɧеɧиɹ ɜɨɡɧиɤɚɸɳеɣ 
ɧеɨɞɧɨɡɧɚчɧɨɫɬи ɦɨɠɧɨ ɩеɪеɣɬи ɤ ɡɚɞɚче ɫ ɧеɜɵɪɨɠɞеɧɧɨɣ ɦɚɬɪиɰеɣ, иɡɦеɧиɜ ɫиɫɬеɦɭ 
ɜеɫɨɜɵɯ ɤɨɷɮɮиɰиеɧɬɨɜ ɦɨɞеɥɶɧɨɝɨ ɭɪɚɜɧеɧиɹ, иɥи ɩɪиɜɥечɶ ɞɨɩɨɥɧиɬеɥɶɧɵе 
ɧɚчɚɥɶɧɵе ɭɫɥɨɜиɹ.  
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Abstract – The paper considers a functional linear equation with a shift in the radiation protection 

model for the transport of charged particles and ionizing radiation. The aim of the work is to study 

the questions of the existence and uniqueness of solutions for various cases that arise when the 

initial parameters of the model change. The analysis of the system accompanying the functional 

equation is carried out by linear algebra methods. For the case of the inequality to zero of the main 

determinant of the accompanying system, the correctness of the obtained solutions is shown; the 

functional equation has a unique solution. If the determinant vanishes, the problem is completely 

solved for cycles of length 2. The functional equation has no solutions if the determinant is zero 

and the rank of the extended matrix is 2. For the case of a joint system with a degenerate matrix, 

analytical formulas for the general solution of a homogeneous and inhomogeneous functional 

equation are obtained . These solutions depend on the coefficients of the initial equation, the initial 

function generating the cycle, and contain an arbitrarily chosen function. To eliminate the 

ambiguity that arises, one can go to a model with a non-degenerate matrix by changing the system 

of weight coefficients of the model equation, or use additional initial conditions. 
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